Abstract-A modified sphere decoding (SD) scheme is proposed for multiple-input multiple-output (MIMO) communication systems in this paper. The conventional SD goes from the lower dimension to the higher dimension to examine whether a lattice point lies inside the sphere of some radius, which remains fixed for all dimensions. Since the sphere radius directly affects the search range and thus the complexity, it is an important parameter to design. The proposed scheme employs a set of dimension-dependent sphere radii, which performs more aggressive search-space reduction in low dimensions. The proposed method is shown by computer simulation to offer substantial complexity benefits with little symbol error rate (SER) performance loss (0.5 dB), compared to the optimal maximum likelihood (ML) decoding. The contribution of this paper includes the complexity advantage yielded by the proposed scheme as well as the introduction of a systematic approach to sphere radius design and control.
I. INTRODUCTION
The ML detection problem in wireless MIMO systems is reduced to finding the closest lattice point in a multidimensional space, a problem known to be NP-hard. To ease the computational infeasibility of an exhaustive search over all lattice points, SD was proposed [1] to conduct constrained lattice-point search within a hypersphere defined by its sphere radius. Besides computational savings, SD introduces an efficient way to decide whether a lattice point is within the hypersphere by successively examining the point's location in relation to the sphere of some radius, from the lower dimension to the higher dimension [2] . Further reduction in search complexity can be achieved by judiciously arranging the order in which the lattice points are searched inside the sphere, as demonstrated by the well-known Schnorr-Euchner (SE) enumeration method [3] . Effectively, the sphere size is contracted more rapidly with the employment of SE.
While confining the search range to a more restricted area compared to exhaustive-search ML detection, SD is still of high complexity [2] . It is observed in [4] [5] that the sphere radius constraint is too loose in lower dimensions for SD, and unnecessary search can be avoided for points that are unlikely to be the closest lattice point if the radius for lower dimensions is tightened. To this end, Gowaikar and Hassibi [4] proposed the increasing radii algorithm (IRA), where the radius-squared for dimension i is set proportional to δ log M + i, where M is the total number of dimensions and δ is a parameter that determines the projected performance gap between the IRA and the optimal ML. Shim and Kang [5] proposed a radius control scheme, where the radius-squared for dimension i is equal to the radius-squared for dimension M minus an adjustment term β i that satisfies β i < β j if i > j. It is seen that in both schemes, a smaller radius is adopted for the lower dimension and a larger radius for the higher dimension. In other words, the radius is tightened to reduce the search space in lower dimensions.
In this paper, we propose a new dimension-dependent sphere radius design method formulated as a general functional form. A novel function is devised for radius control based on the statistics, similar to [4] [5] . The chosen set of radii dictates that the probability of the actually transmitted symbol lying inside (or outside) the sphere is equal for all dimensions. The proposed scheme is reduced to the original SD algorithm if a trivial function is chosen so that the radius-dimension dependency is removed. The proposed method, referred to as equal outage probability radii SD (EOPR-SD) algorithm, is demonstrated by simulation to possess complexity advantage compared to benchmark schemes while achieving near-ML performance (within 0.5 dB).
The rest of the paper is organized as follows. In Sec. II, the system model and SD for the MIMO detection problem are presented. Our proposed method is described in Sec. III with its performance demonstrated in Sec. IV. Finally, concluding remarks are given in Sec. V.
II. SYSTEM MODEL AND SPHERE DECODING A. System Model
We consider a MIMO transmission system with N T transmit antennas and N R receive antennas (N R ≥ N T ). The baseband signal model is given by
where y c is the N R × 1 received signal composed of the N T ×1 transmitted signalx c passed through the N R ×N T flatfading channel H c and the N R × 1 perturbing noise vector v c . The transmitted symbol vectorx c contains uncorrelated entries from the squared quadrature amplitude modulation (QAM) alphabet S = {a + ib | a, b ∈ Q}, where Q is the pulse amplitude modulation (PAM) alphabet, and has zero mean and covariance matrix σ For the discussion in the subsequent sections, it is convenient to consider an equivalent real signal model to the complex signal model in (1) . Denote ℜ(·) and ℑ(·) as the real and imaginary parts of its argument, respectively, and define
Then, the real signal model is given by
where y ∈ R n , H ∈ R n×m ,x ∈ Q m , v ∈ R n with n = 2N R and m = 2N T .
B. Sphere Decoding
Given the signal model in (2), ML detection is equivalent to solving a constrained least-square problem, i.e.,
where || · || denotes the l 2 -norm of a vector. ML detection is optimal in the sense that it finds a solution that minimizes the error probability given equally probable transmitted symbol vectors. It however becomes impractical when the search space Q m is prohibitively large. SD was proposed to achieve ML detection more efficiently by restricting the search space to a hypersphere of radius d, i.e., finding all x's that satisfy
This task can be accomplished by going from the lower dimension to the higher dimension to successively examine whether a lattice point lies inside the sphere of some radius d. To see this, it is useful to consider the QR decomposition of H such that H = QR, where Q is an orthogonal matrix and R is an upper-triangular matrix. 1 Thus, (4) is translated to an equivalent problem of determining whether an x satisfies
T denoting the matrix transpose. Due to the upper-triangular property of R, y ′ − Rx has the following structure:
. . .
. .
Thus, ||y ′ − Rx|| 2 can be expressed as
th term in (6) and D k (x m k ) as the summation of the first m − k + 1 terms in (6), i.e.,
where
T . Then, to determine whether an x satisfies (4), the following inequalities are successively examined:
where the kth inequality is the necessary condition for the k-dimensional sphere. This process of successive examination can be represented as a tree-search process. In the tree representation, each node in layer m − k + 1 of the m-layer tree represents a x m k , and has a corresponding path metric D k (x m k ) and branch metric B k (x m k ). Therefore, the task in (9) is to successively determine, from the top to the bottom of the tree (or from the first to the mth dimension), whether a node in layer k lies inside the k-dimensional sphere.
The sphere radius d can be determined in various ways. For example, it can be chosen according to the noise variance σ 2 v and an outage probability. If there is no lattice point found inside the sphere, the outage probability is decreased and the radius increased [2] . Alternatively, the radius can be initially set to infinity and gradually contracted whenever a lattice point is found, as is used in conjunction with the SE enumeration method [3] .
III. THE PROPOSED METHOD
It has been observed [4] [5] that the condition in (9) is too loose for low dimensions. As a result, a distinct sphere radius d k for each dimension k was proposed [4] [5] such that
and d 2 k is used to replace d 2 in the kth inequality in (9). In this section, we introduce a new systematic approach to designing d k 's, and present its connection with previous work and its new features. 
A. Statistical Properties of the Path Metric
In the tree representation, for each layer k there is exactly one node that corresponds to the actually transmittedx m m−k+1 (i.e., perfect decoding from layer 1 to layer k). The branch metrics along the path from the root node to this particular node take the following form:
where v j is the jth element of the noise vector v in (2). The path metric for this particular node is given by 
where Γ(·) is the Gamma function [7] . The cumulative distri-
where γ(·) is the incomplete Gamma function [7] . 
B. SD with Equal Outage Probability Radius Design
A new category of sphere radius design can be presented in the following general form: A1) G(x; k) is defined on the set of positive real numbers for x and the set of positive integers for k; A2) G(x; k) is either monotonically increasing in x and monotonically decreasing in k, or monotonically decreasing in x and monotonically increasing in k. A1 states the legitimacy of G, and A2 ensures that G is oneto-one and (10) is met. A simple design of G that satisfies the above axioms and may be used in (15) is G(x; k) = x/k. This choice may be interpreted as "dimension-proportional" radius design, as taking G(·; k) on both sides of (15) yields d In our proposed method, we design G by leveraging the statistical properties of the path metric. Specifically, we choose G(x; k) = F (x; k). Substituting G = F into (15) yields
Since F (x; k) is the cdf of the path metric of the "correct" node in layer k (corresponding to the actually transmitted lattice point), this choice of radii bears the meaning that the probability of the actually transmitted symbolx projected onto the k-dimensional space lying inside (or outside) the sphere of radius d k is equal for all dimension k's. Therefore, the proposed modified SD scheme is called equal outage probability radii SD algorithm. A graphic interpretation of our method is shown in Fig. 2 . The figure draws a (k + 1)-dimensional sphere of radius d k+1 , and two concentric k-dimensional spheres of different radius d k 's as the cross-section of the (k + 1)-dimensional sphere. A, B, and C, each representing a specific x m m−k , are lattice points in the (k + 1)-dimensional space, while A', B', and C' are the projection of A, B, and C, respectively, onto the kdimensional space. As the decoding proceeds from the lower dimension to the higher dimension, A', B', and C' will be retained by the conventional SD which adopts d k = d k+1 . With our proposed radius setting where d k < d k+1 , only point C' will be retained while points A' and B' discarded as they are outside the sphere. The discarded lattice points, in this particular illustration, are hardly "good" points. In fact, if point B' is not trimmed in the k-dimensional space it will be trimmed in the (k + 1)-dimensional space anyway, and point A is far from the closest point to y in the (k + 1)-dimensional space. By employing an aggressive trimming approach, the search space in low dimensions is greatly reduced. Figure 3 illustrates the result of applying the proposed modified SD to an exemplary 2×2 MIMO system with 4-QAM modulation in the tree representation. The number labeled next to a node is its path metric. The initial radius is set to d = ∞ (and thus d k = ∞, k = 1, 2, . . . , m, from (15)), and the tree is explored in a depth-first manner. After the first valid solution point N 1 is found, the radius squared d 2 is then updated to 8, and the radii d k 's are updated according to (15). During the tree exploration, node N 2 and the tree below it are trimmed because N 2 does not lie inside the sphere of radius d 2 (since 5 > F −1 (F (8; 4) ; 2), which can be read from Fig. 1 ), even though it is inside the sphere of radius d. The same reason holds for nodes N 4 and N 5 , which are trimmed along with the tree below them after the radii are updated according to the path metric of node N 3 (since 4 > F −1 (F (5; 4); 3) > F −1 (F (5; 4) ; 2)). The proposed scheme aggressively prunes nodes that are unlikely to be the optimal solution.
C. Features of the Proposed Scheme
Some features of the proposed EOPR-SD scheme in comparison to previous work are summarized in the following.
1) The proposed scheme avoids the need to choose the parameter as in [4] [5], which often demands empirical efforts to identify proper values. 2) In [5] , if the updated d is too small and/or the pruning probability is set too high, the adjusted radii d k 's might become negative. In the proposed scheme, since the adjustment d 2 −d 2 k depends on each updated d rather than being a fixed amount, the resulting radii d k 's are always positive, coherent with the meaning of radii.
3) The proposed scheme does not perform ML decoding because, as pointed out in [4] , the "asymmetry" of the region enclosed in hyperspheres of radii d k 's may render the optimal point outside the constructed hypersphere. The proposed scheme, however, aims at achieving near-ML performance with reduced complexity. 4) Similar to [5] , where the original SD algorithm is a special case when specifically parameterized (i.e., the pruning probability is set to zero), the proposed scheme reduces to the original SD algorithm if G is chosen to be G(x; k) = x (i.e., the dimension dependency is removed). 5) Compared to the original SD, the proposed scheme requires an additional computational effort in calculating the functions F and F −1 whenever an update of the radii is needed. The cost can be minimized by implementing a table lookup for an online operation of the algorithm, as suggested in [8] .
IV. SIMULATION RESULTS
In this section, we study the performance of the proposed EOPR-SD scheme by computer simulation, with the SD algorithm, the PTP-SD scheme [5] , and the minimummean-square-error (MMSE) equalization-based linear detector as benchmarks. The SE enumeration is employed for all SD-based schemes, and the sphere radius is initially set to d = ∞ and updated whenever a solution point is found inside the sphere. Four different pruning probabilities (P ǫ = 0.1, 0.4, 0.7, and 0.8) are considered for PTP-SD. The SER performance and complexity (in terms of the average number of nodes expanded 2 ) are demonstrated for two configurations: 1) a 4 × 4 MIMO system with 16-QAM modulation (Fig. 4) , and 2) an 8 × 8 MIMO system with 4-QAM modulation (Fig. 5) . It is observed in Fig. 4 that all SD-based schemes have tremendous performance gain over MMSE, and each strikes a different performance-complexity tradeoff in achieving near-ML performance. Particularly, compared to the optimal ML performance (i.e., the SD scheme), the EOPR-SD scheme is only 0.5 dB short at SER = 10 −2 , and achieves approximately 50% and 30% complexity reduction at SNR = 21 dB and 24 dB, respectively. Furthermore, the EOPR-SD scheme pursues even more aggressive tree truncation than most configurations of the PTP-SD scheme, and demonstrates comparable performance and complexity compared with PTP-SD (0.8). Note that the complexity advantage of the proposed scheme is the most prominent at low SNRs, a regime traditionally most challenging for SD.
Similar results are demonstrated in Fig. 5 for a larger MIMO system. While exhibiting a similar 0.5 dB performance gap from the SD scheme, the EOPR-SD scheme shows even more remarkable complexity reduction here, particularly, about 60-70% in the low SNR regime and 30% in the high SNR regime. The stronger complexity advantage of our scheme in larger MIMO systems may be explained by the fact that the dimension-dependent radius design proves more effective when there are more dimensions. In the meantime, however, the employment of statistical pruning and dimensiondependent radius control may also compromise the SER performance more pronouncedly in larger systems, as the early trimming of points in low dimensions may turn out to be "premature" in the course of identifying the closest lattice point.
V. CONCLUSION
A new near-ML detection scheme has been proposed for MIMO systems in this paper. The proposed method modifies SD by employing a new sphere radius design approach, developed based on the statistical properties of the path metric of each lattice point. A new category of approaches to sphere radius design and control was presented in a general form which cultivates further research and development. The proposed method was shown by computer simulation to yield significant complexity reduction compared to the optimal ML scheme with minor SER performance degradation.
